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Naked singularities and Seifert’s conjecture∗
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It is shown that for a general nonstatic spherically symmet-
ric metric of the Kerr-Schild class several energy-momentum
complexes give the same energy distribution as in the Penrose
prescription, obtained by Tod. This result is useful for inves-
tigating the Seifert conjecture for naked singularities. The
naked singularity forming in the Vaidya null dust collapse
supports the Seifert conjecture. Further, an example and a
counterexample to this conjecture are presented in the Ein-
stein massless scalar theory.
In a series of seminal papers it was established that
under a wide variety of circumstances a spacetime sin-
gularity is inevitable in a physically realistic complete
gravitational collapse [1]. However, these studies were
silent on a very important question: whether or not a
spacetime singularity arising therefrom will be visible to
observers. To this end about three decades ago, Penrose
[2] in his review on gravitational collapse asked “ Does
there exist a cosmic censor who forbids the occurrence
of naked singularities, clothing each one in an absolute
event horizon?” Though there is no precise statement of
a cosmic censorship hypothesis (CCH), roughly speaking
it states that naked singularities do not occur in generic
realistic gravitational collapse. There are two versions of
the CCH: the hypothesis that, generically, singularities
forming due to gravitational collapse are hidden inside
black holes is known as the weak cosmic censorship hy-
pothesis, whereas the strong cosmic censorship hypothesis
states that, generically, timelike singularities never occur
(see [3] and references therein). No proof for any ver-
sion of the CCH is known and it is considered the most
important unsolved problem in classical general relativ-
ity [4–6]. The subject of singularities fascinated many
researchers (see [1–16] and references therein).
Since the CCH was proposed, numerous counterexam-
ples to this hypothesis have been found in the literature
(see [8–11] and references therein). Iguchi et al. [12] ex-
amined the stability of nakedness of singularity in the
Lemaitre-Tolman-Bondi collapse against the odd-parity
modes of nonspherical linear perturbations for the metric
and reported that the perturbations do not diverge but
are well defined even in the neighbourhood of a central
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naked singularity. Much work has been done on black
holes as well as on naked singularities, but it was not
known how black holes could be differentiated observa-
tionally from naked singularities (if these indeed exist).
Recently it has been shown that the gravitational lens-
ing could be possibly helpful for this purpose [13]. As
the known counterexamples to CCH are of special geo-
metric nature, it is still believed by most that the con-
jecture correctly characterizes realistic gravitational col-
lapse. Recently, Wald [3] reviewed the status of the weak
cosmic censorship and expressed his view that naked sin-
gularities cannot arise generically.
The idea of naked singularities has been disliked by
many physicists, as their existence is thought to give se-
rious problems. For instance, there can be production of
matter and/or radiation out of extremely high gravita-
tional fields and the mechanism for that is not known and
there can be other causal influences from the infinitely
compressed material. When the first few counterexam-
ples to the CCH were obtained it was clear that the CCH
could not be proved in generality. Penrose [14] imposed a
condition that a naked singularity must be proved to be
stable against perturbations of initial conditions as well
as equations of state. Seifert [15] conjectured that any
singularity that occurs if a finite nonzero amount of mat-
ter tends to collapse into one point is hidden and naked
singularities occur only if one has singularities along lines
or surfaces or if the central singularities are carefully ar-
ranged that they contain only zero mass.
There have been some discussions on “mass” of naked
singularities [5,16], but not many studies have been done.
The investigation of this subject is difficult as there is no
agreed and precise definition of local or quasilocal mass in
general relativity and it has been a “recalcitrant” prob-
lem since the outset of this theory. Bergqvist [17] per-
formed calculations with several different definitions of
mass (their uses are not restricted to “Cartesian coordi-
nates”) and reported that not any two of them give the
same result for the Reissner-Nordstro¨m and Kerr space-
times. On the other hand it is also known that several
energy-momentum complexes (their uses are restricted to
“Cartesian coordinates”) give the same and reasonable
results for some well known spacetimes [18–20]. These
are encouraging results and we will use some of them to
investigate the Seifert conjecture. We use geometrized
units and follow the convention that Latin (Greek) in-
dices run from 0 . . . 3 (1 . . . 3). The comma and semi-
colon, respectively, stand for the partial and covariant
derivatives.
The Einstein energy-momentum complex is [21]
1
Θi
k =
1
16pi
H kli ,l, (1)
where
H kli = −H lki =
gin√−g
[
−g
(
gknglm − glngkm
)]
,m
.
(2)
Θ 00 and Θ
0
α stand for the energy and momentum density
components, respectively.1 The energy and momentum
components are given by
Pi =
∫ ∫ ∫
Θ 0i dx
1dx2dx3. (3)
Applying Gauss’s theorem one obtains
Pi =
1
16pi
∫ ∫
H 0αi nα dS, (4)
where nα is the outward unit normal vector over the in-
finitesimal surface element dS and P0 and Pα stand for
the energy and momentum components, respectively.
The symmetric energy-momentum complex of Landau
and Lifshitz is [23]
Lik =
1
16pi
λiklm,lm, (5)
where
λiklm = −g
(
gikglm − gilgkm
)
. (6)
L00 and Lα0 are the energy and energy current (momen-
tum) density components. The energy and momentum
are given by
P i =
∫∫∫
Li0 dx1 dx2 dx3. (7)
Using Gauss’s theorem, the energy and momentum com-
ponents are
P i =
1
16pi
∫∫
λi0αm,m nα dS. (8)
The symmetric energy-momentum complex of Papa-
petrou is [24]
Σik =
1
16pi
N iklm,lm, (9)
where
1Though the energy-momentum complex obtained by Tol-
man differs in form from the Einstein energy-momentum com-
plex, both are equivalent in import [22]. The present author
was earlier unaware of this [18–20].
N iklm =
√−g
(
gikηlm − gilηkm + glmηik − glkηim
)
,
(10)
with
ηik = diag(1,−1,−1,−1). (11)
Σ00 and Σα0 are the energy and energy current (mo-
mentum) density components. The energy and momen-
tum components are given by
P i =
∫∫∫
Σi0 dx1 dx2 dx3. (12)
For the time-independent metrics, one has
P i =
1
16pi
∫∫
N i0αβ,β nα dS. (13)
The symmetric energy-momentum complex of Wein-
berg is [25]
W ik =
1
16pi
Dlik,l, (14)
where
Dlik =
∂haa
∂xl
ηik − ∂h
a
a
∂xi
ηlk − ∂h
al
∂xa
ηik +
∂hai
∂xa
ηlk +
∂hlk
∂xi
− ∂h
ik
∂xl
(15)
and
hik = gik − ηik. (16)
ηik is the Minkowski metric. Indices on hik or ∂/∂xi are
raised or lowered with help of η’s. It is clear that
Dlik = −Dilk. (17)
W 00 and Wα0 are the energy and energy current (mo-
mentum) density components. The energy and momen-
tum components are given by
P i =
∫∫∫
W i0 dx1 dx2 dx3. (18)
Using Gauss’s theorem, one has
P i =
1
16pi
∫∫
Dα0i nα dS. (19)
Though the uses of the energy-momentum complexes
are restricted to “Cartesian coordinates” (i.e., these give
meaningful results in these coordinates), these satisfy the
local conservation laws (Θi
k
,k = 0, L
ik
,k = 0, Σ
ik
,k =
0, W ik,k = 0) in all system of coordinates.
We first discuss some of our earlier results in brief.
Then we use them to show that the energy-momentum
complexes of Einstein, Landau and Lifshitz, Papapetrou
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and Weinberg, and the Penrose quasilocal definition give
the same result for a general nonstatic spherically sym-
metric metric of the Kerr-Schild class. The Kerr-Schild
class spacetimes are given by metrics gik of the form
gik = ηik −Hlilk, (20)
where ηik = diag(1,−1,−1,−1) is the Minkowski metric.
H is the scalar field and li is a null, geodesic and shear
free vector field in the Minkowski spacetime, which are
respectively expressed as
ηablalb = 0,
ηabli,alb = 0,
(la,b + lb,a) l
a
,c η
bc − (la,a)2 = 0. (21)
An interesting feature of the Kerr-Schild class metric
gik in Eq. (20) is that the vector field li remains null,
geodesic and shear free with the metric gik. Equations
(21) lead to
gablalb = 0,
gabli;alb = 0,
(la;b + lb;a) l
a
;c g
bc − (la;a)2 = 0. (22)
There are several well-known spacetimes of the Kerr-
Schild class, for instance, Schwarzschild, Reissner-
Nordstro¨m, Kerr, Kerr-Newman, Vaidya, Dybney et al.,
Kinnersley, Bonnor-Vaidya, and Vaidya-Patel (for refer-
ences see in [26]).
It is known that the energy-momentum complexes of
Einstein Θi
k, Landau and Lifshitz Lik, Papapetrou Σik
and Weinberg W ik “coincide” for any Kerr-Schild class
metric [20].
These energy-momentum complexes for any Kerr-
Schild class metric are given by [20]
Θi
k = ηijL
jk, (23)
Lik = Σik =W ik =
1
16pi
Λiklm,lm, (24)
where
Λikpq ≡ H
(
ηiklplq + ηpqlilk − ηiplklq − ηkq lilp
)
. (25)
To obtain the above result for the Landau and Lif-
shitz, Papapetrou and Weinberg complexes in terms of
the scalar function H and the vector li, only null condi-
tion of Eqs. (21) was used while for the Einstein com-
plex the null as well as geodesic conditions were used.
The shear-free condition was not required to obtain Eqs.
(23)-(25). Thus, these energy-momentum complexes “co-
incide” for a class of solutions more general than the
Kerr-Schild class. The energy and momentum compo-
nents are
P i =
1
16pi
∫∫
Λi0αm,m nα dS. (26)
The energy-momentum complexes of Landau and Lif-
shitz, Papapetrou and Weinberg are symmetric in their
indices and therefore have been used to define angular
momentum; the spatial components of angular momen-
tum are (though we do not use this in this paper we give
here for completeness)
Jαβ =
1
16pi
∫∫ (
xαΛβ0σm,m − xβΛα0σm,m + Λα0σβ
)
nσ dS.
(27)
Now we consider a general nonstatic spherically sym-
metric spacetime of the Kerr-Schild class given by the
line element
ds2 = B (u, r) du2 − 2dudr − r2
(
dθ2 + sin2 θdφ2
)
. (28)
Transforming the above line element in t, x, y, z coor-
dinates according to
u = t+ r,
x = r sin θ cosφ,
y = r sin θ sinφ,
z = r cos θ, (29)
one gets
ds2 = dt2 − dx2 − dy2 − dz2 − (1−B (t, x, y, z))
×
[
dt+
xdx+ ydy + zdz
r
]2
. (30)
This is obviously a Kerr-Schild class metric with H =
1−B and li = (1, x/r, y/r, z/r). Using these in Eqs. (25)
and (26) one gets the expression for energy
E =
r
2
(1−B (u)) . (31)
Tod [27], using the Penrose quasilocal mass definition,
got the same result. This is indeed an encouraging re-
sult. The Penrose mass is called quasilocal because it is
obtained over two-surface and is not found by an inte-
gral over a spanning three-surface of a local density. The
above expression can be used to test the Seifert conjec-
ture for the naked singularities arising due to a general
spherical collapse described by Eq. (28) and satisfying
the weak energy condition. These investigations could
give conditions on B(u) for the Seifert conjecture to be
true and to be false. It could be possible that the Seifert
conjecture is true in all these cases. The Vaidya null
dust collapse is extensively studied (see [9] and references
therein). B = 1− 2M(u)/r in Eq. (28) gives the Vaidya
null dust collapse solution. For this, Eq. (31) gives
E = M(u) (see also [19]). It is known that for M = λu,
a naked singularity occurs at r = 0, u = 0 for λ ≤ 1/16.
Physically, dM/du represents the power (energy flowing
per unit time) imploding through a two-sphere of radius r
and it must be non-negative for the weak energy condition
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to be satisfied. Using Eq. (31) one finds that the naked
singularity in the Vaidya null dust collapse is massless.
This supports the Seifert conjecture. For the Bonnor-
Vaidya spacetime B = 1 − 2M(u)/r +Q (u)2/r2, where
Q(u) is the charge parameter. This represents charged
null dust collapse. The result in Eq. (31) can be useful
for investigations of the Seifert conjecture in the Bonnor-
Vaidya collapse.
Now we wish to investigate the Seifert conjecture in the
Einstein massless scalar (EMS) theory, given by equa-
tions
Rij −
1
2
R gij = 8pi Tij (32)
and
Φ ;i,i = 0. (33)
Rij is the Ricci tensor and R is the Ricci scalar. Φ
stands for the massless scalar field. Tij , the energy-
momentum tensor of the massless scalar field, is given
by
Tij = Φ,i Φ,j −
1
2
gij g
ab Φ,a Φ,b. (34)
Equation (32) with Eq. (34) can be expressed as
Rij = 8pi Φ,i Φ,j. (35)
It is known that the most general static spherically
symmetric solution to the EMS equations (with the cos-
mological constant Λ = 0) is asymptotically flat and until
recently it was known that this is the well-knownWyman
solution [28]. Recently, it has been shown that the Janis-
Newman-Winicour (JNW) solution (which was obtained
about thirteen years before the Wyman solution) is the
same as the Wyman solution [29]. This solution is char-
acterized by two constant parameters, the mass M and
the “scalar charge” q, and is given by the line element
(see in [29])
ds2 =
(
1− b
r
)γ
dt2 −
(
1− b
r
)−γ
dr2
−
(
1− b
r
)1−γ
r2
(
dθ2 + sin2 θ dφ2
)
(36)
and the scalar field
Φ =
q
b
√
4pi
ln
(
1− b
r
)
, (37)
where
γ =
2M
b
,
b = 2
√
M2 + q2. (38)
For the “scalar charge” zero this solution reduces to the
Schwarzschild solution. r = b is a globally naked strong
curvature singularity (see [30] with [29]). It is of inter-
est to investigate whether or not this naked singularity
is massless. Obviously Eq. (31) cannot be used for this
spacetime. In the following we obtain the energy expres-
sion for the most general nonstatic spherically symmetric
metric described by the line element
ds2 = B (r, t) dt2 −A (r, t) dr2 − 2F (r, t) dtdr
− D (r, t) r2
(
dθ2 + sin2 θdφ2
)
. (39)
We transform the line element (39) to “Cartesian co-
ordinates” t, x, y, z (according to x = r sin θ cosφ, y =
r sin θ sinφ, z = r cos θ) and then calculate energy distri-
bution associated with this using definitions of Einstein,
Landau and Lifshitz, and Weinberg; these are respec-
tively given by
EE =
r
[
B (A−D −D′r)− F
(
rD˙ − F
)]
2
√
AB + F 2
, (40)
ELL =
rD (A−D − rD′)
2
, (41)
EW =
r (A−D − rD′)
2
. (42)
The prime and dot denote for the partial derivative with
respect to the coordinates r and t, respectively. These
energy-momentum complexes have an advantage that
one can easily apply Gauss’s theorem to get energy con-
tained inside a two-surface for any spacetime. The same
is possible with the Papapetrou energy-momentum com-
plex for the Kerr-Schild class metrics, but not for arbi-
trary spacetimes. However, while using the Papapetrou
energy-momentum complex one can apply Gauss’s the-
orem for any time-independent metric [see Eq. (13)].
Thus, for static and spherically symmetric spacetimes
(F = 0 and A,B and D depending only on radial co-
ordinate) one gets
EP =
r
8(AB)3/2
[
4AB2(A−D) + r(A2B′D − 2A2BD′
− AA′BD − 2AB2D′ −ABB′D +A′B2D)
]
. (43)
In a series of papers there are encouraging results (see
in [18–20]). Several energy-momentum complexes give
the same results for the Einstein-Rosen as well as any
metric of the Kerr-Schild class (the Kerr-Schild class has
several well-known solutions). As mentioned earlier these
energy-momentum complexes “coincide” for a more gen-
eral class than the Kerr-Schild class. However, it is ob-
vious from Eqs. (40)- (43) that the energy- momen-
tum complexes disagree for the most general nonstatic
spherically symmetric metric. While obtaining the en-
ergy distribution (given by equation (31)) for the space-
time described by the line element (28) we used Kerr-
Schild Cartesian coordinates; however, for the case of
the most general nonstatic spherically symmetric metric
we used what we call “Schwarzschild Cartesian coordi-
nates.” The line element (28) is a special case of the
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line element (39). The Einstein energy-momentum com-
plex gives the same result in both the cases (consider
Eq. (31) as a special case of Eq. (40)) which is the
same as Tod found using the Penrose definition. How-
ever, other definitions disagree with their own results ob-
tained in Kerr-Schild Cartesian and Schwarzschild Carte-
sian coordinates (as Eqs. (41), (42) and (43) do not
yield Eq. (31) as a special case). For a simple case of
the Schwarzschild metric, ELL = EP = EW = M when
calculations are performed in the Kerr-Schild Cartesian
coordinates; however, in Schwarzschild Cartesian coor-
dinates one has ELL = EW = M (1− 2M/r)−1 , EP =
M
(
r2 − 2Mr + 2M2
)
/ (r − 2M)2. It is not clear why
different energy-momentum complexes “coincide” in
the Kerr-Schild Cartesian coordinates, but not in the
Schwarzschild Cartesian coordinates. The Einstein-
Rosen metric is not of the Kerr-Schild class and there-
fore calculations were not done in Kerr-Schild Cartesian
coordinates; however, different energy-momentum com-
plexes gave the same and reasonable result. Therefore,
the fact that different energy-momentum complexes give
the same result for some spacetimes is not restricted to
the use of the Kerr-Schild Cartesian coordinates. It is
known that the quasilocal mass definitions also have some
problems (see in [17,31]); for instance, it has not been
possible to obtain the Penrose quasilocal mass for the
Kerr metric.
The present investigations indicate that the Einstein
energy-momentum complex is better than other energy-
momentum complexes. Therefore, the result in Eq. (40)
may be useful for investigating the Seifert conjecture in
the context of naked singularities arising due to spherical
collapses, which are being investigated (see [10,11] and
references therein). F = 0 in Eq. (40) gives one obtained
earlier (see in [29]). For the JNW spacetime this equation
immediately gives
E =M. (44)
The energy expression is independent of the radial dis-
tance and therefore the entire energy is confined to the
singularity. This is a counterexample to the Seifert con-
jecture. However, for the purely scalar field (M = 0 in
the JNW solution), the globally naked strong curvature
singularity, r = 2q, is massless. This supports the Seifert
conjecture. The “scalar charge” in the JNW spacetime
does not contribute to the energy, because contributions
from the matter and the field energy cancel. The anony-
mous referee mentioned that there are some indications
that the JNW solution does not occur generically. There-
fore, the present counterexample to the Seifert conjecture
may not be taken seriously. However, if Eq. (40) can be
considered to be the correct expression for the energy dis-
tribution, then Eq. (44) demonstrates that one cannot
prove the Seifert conjecture in generality.
Now we summarize these in the following. The possi-
bility of the energy localization in general relativity has
been debated and there are mutually contradicting view-
points on this issue [32]. According to Bondi, a non-
localizable form of energy is inadmissible in relativity and
its location can in principle be found [32]. In fact, a unan-
imously agreed precise definition of local or even quasilo-
cal mass would have been very much useful to understand
some important issues in relativity. For instance, for in-
vestigating the Seifert conjecture (we have discussed in
this paper) and the hoop conjecture [33], which states
that horizons form when and only when a mass M gets
compacted into a region whose circumference in every
direction ≤ 2piM , these concepts are useful. However,
no adequate prescription is known and it is not clear
if it is possible at all. The results obtained using the
energy-momentum complexes are usually not taken se-
riously, because their uses are restricted to “Cartesian
coordinates” and the quasilocal mass definitions are also
not satisfactory. Bergqvist [17] showed that not any
two of seven quasilocal mass definitions he considered
give the same result for the Reissner-Nordstro¨m as well
as Kerr spacetimes. The well-known Penrose quasilocal
mass definition could not deal with the Kerr metric [31].
On the other hand, several energy-momentum complexes
are known to give the same and “reasonable” result for
many well-known solutions. We showed that different en-
ergy momentum complexes disagree when they are evalu-
ated in Schwarzschild Cartesian coordinates and give the
same result in Kerr-Schild Cartesian coordinates; how-
ever, the Einstein energy-momentum complex still gives
consistent results in both cases. It is not clear why differ-
ent definitions “coincide” when calculations are carried
out in Kerr-Schild Cartesian coordinates, but disagree in
Schwarzschild Cartesian coordinates. At this stage it is
not known if this is accidental or points out something in-
teresting. Any example or counterexample to the Seifert
conjecture may not be taken seriously unless an adequate
prescription for localization or quasilocalization of mass
is known and is applied.
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